We illustrate that a triple-well potential structure on a monolayer graphene can be treated as a five-layer optical waveguide. The transfer matrix method was used to deduce the dispersion equation for the graphene waveguide. It is found that the results have the similar dispersion equation, equivalent to the transverse electric wave in dielectrics. The symmetric and antisymmetric oscillating guided modes are determined and studied in details for the triple-well potential. From the results, we conclude that the oscillating guided modes appear either in the middle well or in all three wells. The results may be helpful in designing various novel graphenebased devices, such as electronic fiber and directional coupler.
Introduction
Analogy can help one to understand a new phenomenon better via investigating the common properties or similar behavior with known phenomenon. Many analogies have been done between quantum and classical physics [1] . The analogy between the propagation of ballistic electrons governed by the time-independent Schrödinger equation and that of electromagnetic waves satisfying the Helmholtz equation is a good example [1] [2] [3] [4] [5] . Recently, a two-dimensional monolayer carbon sheet known as graphene has attracted much attention [6] . Graphene has a linear dispersion relation, which is similar to that of light or photons, and thus it is possible to make an analogy between the propagation of electron waves in graphene and electromagnetic waves in dielectrics. Many optics-like phenomena have been explored in graphene, such as negative refraction [7] , collimation [8] , Goos-Hänchen effect [9, 10] , Bragg reflection [11] , and subwavelength optics [12] . The propagation of chiral fermions in different electrostatic potentials in graphene has also been mimicked with that of electromagnetic fields in optical structures [13, 14] .
Graphene waveguide is another interesting analogy of these analogies [15] [16] [17] [18] [19] , which may be helpful for the practical application of various graphene-based quantum electronic devices, such as electronic fiber [20] . Electric confinement [21] [22] [23] [24] [25] , magnetic confinement [26] and strain-induced confinement [27, 28] can be used to guide the Dirac fermions in graphene waveguide. The simplest scheme to design a graphene waveguide is by using external electric field to create a symmetric [15] or asymmetric [16, 17] quantum well. A quantum well in a monolayer graphene can then act as a slab waveguide for electron waves in a manner analogous to the electromagnetic waves in dielectrics. The characteristics of guided modes in symmetric quantum well graphene waveguide have been investigated in details [15] . However, the wave functions of the guided modes in the symmetric graphene waveguide are neither even nor odd functions. Thus it is interesting to explore both symmetric and anti-symmetric modes in a symmetric graphene waveguide. Although the graphene waveguide is normally treated as an optical waveguide, the dispersion equation for the guided modes in graphene waveguide was found not to have the similar form of that for the optical waveguide [29] . Thus in this paper, we will attempt to obtain a dispersion equation in the similar form of the optical waveguide. We will show that it is convenient to using a transfer method to obtain dispersion equation for a complex quantum well structure. Although a transfer matrix method in [30, 31] can be used to obtain the dispersion equation of a graphene waveguide, it is not suitable for the symmetric graphene waveguide if we want to explore the symmetric and anti-symmetric guided modes. Thus, it is necessary to explore a new transfer matrix formulation to investigate the dispersion equation for the symmetric and antisymmetric guided modes in symmetric graphene waveguide.
In section 2, we first investigate the symmetric and antisymmetric guided modes in a symmetric quantum well graphene with two symmetrized functions. In section 3, a new formulation based on transfer matrix method is used to obtain the guided modes in graphene waveguide, and we show that it is equivalent to the transverse electric (TE) waves in optical waveguide. The characteristic of symmetric and anti-symmetric modes in a symmetric triple-well potential in monolayer graphene will be investigated in details in section 4. In section 5, we will discuss briefly the similarities and differences between graphene waveguide and traditional waveguide such as semiconductor waveguide and optical waveguide. Finally, the paper is concluded in section 6.
Symmetric and antisymmetric modes in a symmetric quantum well graphene waveguide
The Hamiltonian of electrons moving inside a monolayer graphene in the presence of the electrostatic potential V x ( ) is 
A B y A B B A , , F , From equation (2), we have are neither even nor odd functions, which are not convenient to study the symmetric and anti-symmetric modes in a waveguide. Thus, we may introduce two symmetrized functions [18] :
in order to describe the symmetric and anti-symmetric modes. The wave functions ψ 1 and ψ 2 must satisfy the following two coupled first-order differential equations:
It can be seen from equation (6) that ψ 1 and ψ 2 have opposite parity, which also satisfy the Helmholtz-like equation (equation (3)). Although the guided modes in a symmetric potential have been investigated by Zhang et al [15] , their results have not exhibited any symmetry for the guided modes in a symmetric waveguide. Thus it is of the interests of this paper to provide such information, namely the symmetric and antisymmetric guided modes in a symmetric quantum well graphene waveguide.
The profile of the symmetric quantum well graphene waveguide is presented in figure 1 , where its potential distribution V x ( ) is denoted by:
For a symmetric mode, the solutions of equation (6) in the three regions of V x ( ) given in equation (7) can be expressed as Figure 1 . Schematic diagram of a symmetric quantum well graphene waveguide.
Here, we have used the continuity of wave function at the interface = x a or = − x a to solve for γ = C A a cos( ). Applying the continuity of wave function ψ 2 at the interfaces = x a or = − x a, we obtain the corresponding dispersion equation for the symmetric modes:
1
On the other hand, for an anti-symmetric mode, the wave functions ψ 1 and ψ 2 can be written as:
x a x a 
1 By combining equations (11) and (16), we obtain
1 which recovers the dispersion equation reported in [15] . The graphical determination of γ a 1 for the symmetric and anti-symmetric guided modes is plotted in figure 2 , where we have expressed T in the following form: The intersections of γ a tan( ) 1 (see equation (10)) and T (see equation (18) ) give the locations of symmetric modes at particular values of γ 1 a. Similarly, the anti-symmetric modes are represented by the intersection of γ − a cot( ) 1 (see equation (15)) and T (see equation (18)).
The wave functions of ψ 1,2 and ψ ψ − ( i ) A B for the guided modes are shown in figures 3 and 4 with electron energy = E 55 meV and = E 33.86 meV, respectively. It is clear from figures 3 and 4 that the wave functions ψ 1 and ψ 2 are either symmetric or anti-symmetric functions, while the wave functions ψ A and ψ −i B are neither even nor odd. Thus the figures confirm that for a symmetric waveguide, ψ 1 and ψ 2 are better (as compared to [15] ) to describe the guided modes, especially for the symmetric and anti-symmetric modes. Since ψ 1 and ψ 2 have opposite parity, the order of guided mode for ψ 1 is not equal to the one for for ψ . 2 For both the classical motion > ( )
the fundamental mode is always absent for ψ , 2 while it exists in wave function ψ . 1 For ψ A and ψ −i , B there is no fundamental mode for Klein tunneling only. Since ψ 1 and ψ 2 are the better functions to describe the guide modes, we will focus on ψ 1 and ψ 2 in the remainder of this paper. 
Formulation using the transfer matrix method
For electrons moving inside a monolayer graphene in the presence of the electrostatic potential V x ( ), j the solutions of equation (6) are expressed in the forms of 
2 Following the transfer matrix method in [30, 31] , we obtain a transfer matrix M that is able to connect the smooth enveloping function ψ ψ
In doing so, we have In general, the wave functions ψ 1 and ψ 2 for a guided mode in a quantum well graphene waveguide (see figure 1) can be written in the form of: which is equivalent to equation (17) . With the transfer matrix M, we do not need to apply several boundary conditions of wave functions to obtain the dispersion equation, and we only need to solve equation (26) . For a simple quantum well graphene waveguide, the transfer matrix method does not show its advantages in obtaining the dispersion equation. But as the potential become complicated, one can find that the transfer matrix is more convenient and useful. In the following, we will use the transfer method to obtain the dispersion equation for a triple-well graphene waveguide.
Guided modes in a triple-well graphene waveguide
A triple-well potential structure on a monolayer graphene is shown in figure 5(a) , where the potential profiles V x ( ) at different regions are denoted by The wave vectors inside different regions are (34) is, respectively, 
Here, the function F in equations (35) and (36) the symmetric triple-well potential becomes a symmetric quantum well, and one can easily recover equations (17) and (27) 
from equation (34).
From the obtained transfer matrix M shown in equations (32) or (33), we observe that it is similar to the case for the TE waves propagating in dielectrics [29] if we set mathematically
1(2) Furthermore, the master dispersion equation given by equation (34) also has the similar form equivalent to a symmetric five-layer optical waveguide [29] . This important finding implies that an electrostatics potential applied in monolayer graphene is like a layer of dielectric, and a multi-well potential on graphene can be act as a multi-layer optical waveguide for TE waves.
In the remainder of this paper, we will study the oscillating guide modes at different regions. In region of x within −h h ( , ) 1 1 (see figure 5(b) ), the wave functions ψ 1 and ψ 2 are oscillating in the internal region, and are evanescent in the other regions. In order to have guided modes in this region, the wave vectors are 
and = E 110 meV > ( ) E V 3 to investigate the oscillating guided modes in region of x within −h h ( , ). 1 1 The graphical determination of κ h 1 1 for the symmetric and anti-symmetric guided modes is plotted in figure 6 . The intersections of κ h tan( ) 1 1 1 give the anti-symmetric guided modes. The corresponding profiles of ψ 1 and ψ 2 (to the intersections in figure 6 ) with electron energy = E 56, 94 and 110 meV are shown in figures 7, 8 and 9, respectively. From the figure, we see that the order of guide mode for ψ 2 is always 1 more than that of ψ . 1 As example in figure 7(b) , we have = n 3 for ψ 2 as compared = n 2 for ψ . 1 Moreover, the fundamental mode is always absent for the wave function ψ , 2 while no guided modes for the wave function ψ 1 are absent.
Besides the oscillating guided modes in region x within −h h ( ,
the guided modes can also exist in the region
(see figure 5(c) ) if the following condition is satisfied: 
2 and are evanescent in the other regions. In this case, low electron energy at = E 56 meV is no longer satisfying the condition as shown in equation (39). Thus, we only have guided modes in this region
2 for higher electron energy = E 94 meV and = E 110 meV. The graphical determination for the oscillating guided modes and their corresponding wave functions ψ 1 and ψ 2 are plotted in figures 10-12. As shown in figures 11 and 12, the graphene waveguide only support higher order guided modes. In particular, the graphene waveguide can support ninth-order . mode and tenth-order mode for the wave function ψ 1 with the electron energy = E 94 meV, and it support tenth-order mode and eleventh-order mode for ψ 2 (always one mode more). For the electron energy = E 110 meV, the graphene waveguide support more guided modes, from tenth-order mode up to fourteenth-order mode (for ψ 1 ).
In conclusion, for electrons with energy = E 94 meV, the triple-well potential supports fundamental mode, firstorder mode, up to tenth-order mode for the wave function ψ .
1
For the case of = E 110 meV, the waveguide supports fundamental mode, first-order mode, up to fourteenth-order mode for the wave function ψ . 1 The fundamental mode is always absent for the wave function ψ , 2 and the number of the order for ψ 2 is always one more than that of ψ 1 .
Remarks
A quantum well in graphene or semiconductor can act as a slab waveguide for electron waves in a manner analogous to the electromagnetic waves in optical waveguide. The semiconductor waveguide also has the same mathematical form as the normalized dispersion relation for TE modes in an electromagnetic waveguide except for the effective mass ratios [5] . Hence, it is necessary to compare the difference between optical waveguide, graphene waveguide and semiconductor waveguide.
First, for an optical waveguide, the refractive index of the film must be greater than that of the cover and substrate. However, for a graphene or a semiconductor waveguide, (e) κ = h 13.2273;
guided modes exist for electron energy in the well and for electron energy above one (asymmetric quantum well waveguide) or both (symmetric quantum well waveguide) of the potential barriers. In other words, in an optical waveguide, the layers are characterized by refractive indexes, while the layers are characterized by potential energies in a graphene waveguide. In a semiconductor waveguide, they are characterized by potential energies and effective masses. Therefore, for Schrödinger equation, guided modes can exist in a heterostructure well, a homostructure voltage-induced well and a heterostructure barrier [5] .
Secondly, the wave functions ψ 1 and ψ 2 satisfies the Helmholtz-like equation (3) , where the first term in the square brackets is k . 2 The dispersion relation for the graphene waveguide is = ±ℏ
where the slope of the dispersion curve is a constant. The slope of the electromagnetic wave dispersion curves depends on the refractive index, and the material properties will affect the energy versus the wave vector dispersion in semiconductor waveguide [5] . Therefore, the guided modes in optical and semiconductor waveguide depend on the material properties. For graphene waveguide, the guided modes can be easily tuned by the external electric field without changing the configuration of the waveguide. Moreover, due to the difference in the dispersion relation, there are two types of cutoff in the guided modes in semiconductor waveguide [4, 5] and graphene waveguide [17] , while the optical waveguides typically have only lowerenergy (low-frequency) cutoff.
In addition, since the electron mobility of graphene is much higher than that of silicon or typical semiconductor material, graphene-based waveguide are more competitive in high-speed electronic circuitry.
Compared with the one-well graphene waveguide, there are more guided modes in the triple-well graphene waveguide. For a symmetric quantum well graphene waveguide, there are two types of guided modes, corresponding to classical motion and Klein tunneling, respectively. For an asymmetric graphene waveguide, there are three ways to generate guided modes: (1) only Klein tunneling exists, (2) only classical motion exists and (3) both Klein tunneling and classical motion are present. For the graphene waveguide with a triple-well potential structure, there are five types of guided modes. Furthermore, since the triple-well graphene waveguide can confine more guided modes compared with the onewell potential structure, the triple-well graphene waveguide has a better capacity of confining electrons in graphene than that of one-well potential structure.
Conclusions
In this paper, we suggest and prove by calculations that a symmetric triple-well potential on a monolayer graphene can be treated as a symmetric five-layer optical waveguide. With two proposed symmetrized functions ψ 1 and ψ , 2 we studied the guided modes in the symmetric triple-well potential with a transfer matrix method. The transfer matrix is similar to that for the TE waves in dielectrics, and the dispersion equation also has a similar form of a symmetric five-layer optical waveguide. The oscillating guided modes in two different regions have been studied in details for which the function ψ 2 always have one more higher mode than that of the wave function ψ . 1 The fundamental mode is always absent for the wave function ψ 2 .
These proposed and calculated guide modes (in the symmetric triple-well potential) will provide helpful information in the design of novel graphene waveguide. Due to its similar dispersion relation to the five layer optical waveguide, we speculate that other optical properties may . be possible to realize in graphene waveguide. Graphenebased electronic waveguides may lead to potential applications in graphene-based electronic devices, such as electric fiber and directional couplers. Moreover, graphene waveguides could also be a useful core component in future electron guided-wave integrated circuits which could implement optical-like processing similar to those of integrated optical circuits. .
